However a difficulty arises in that N(f) is determined only to within a set of measure zero, and $ may transform sets of measure zero into nonmeasurable sets. For example, when the rotation group of the plane acts on a nonmeasurable linear set (of the x-axis, say), a nonmeasurable planar set results. Hence some care is required in defining S. Let Ef denote the set of points of density (one) of N(f). Since the exceptional set of N(f) has measure zero, every point of Ef has density one with respect to Ef. The orbit of the set Ef under the group & will be used as S, and as part of our first theorem, it will be shown that S is measurable.*
The fact that closed translation-invariant subspaces of L 2 are of the form L 2 ($) is due to L. Schwartz [3] . The characterization of Cl{f; Zf X R n } in Theorem 1 reduces to the familiar Wiener theorem when W consists only of the identity and has been proved by S. R. Harasymiv for If spaces and for general distribution spaces [1, 2] when %f is the diagonal group. The second theorem involves the construction of a function p 9 arising naturally from/by an integration over $ , such that the translates of/? generate the same space: i.e. such that Cl{ρ; R n } -Cl{f; %f X R n }• (x), n = 1, 2, ... denote the countable subcover, and let {g n } denote the corresponding sequence in $ . Thus the difference set (1) S
is of measure zero. Now the proof of part (ii) of the theorem follows standard lines. In particular, if A: is orthogonal to the space C/{/; 3^ x R n }, then k(x)f(gn x) = 0 for every g n of the sequence in (1). Hence k must vanish for almost every point of & (E f ) = S. In view of Minkowski's inequality,^ is in L 2 (R n ), and its inverse Fourier transform,/?, is the one we wish to consider in our second theorem. THEOREM 
Let f be in I? (R n ) and S the orbit under $ of the set of points of density ofN(f). Then (i) f(gx) is measurable on$ X R n , and (ii) the function p, with Fourier transform p defined by (2), is in L 2 (R n ), and 2
Let 0 be an open set in the complex plane. Then (f)~ι(#) is measurable in R n and can be expressed as B U C, where B is a Borel set and C has measure zero. Let a be the map from ζf x R n defined as a(g, x) = gx. 
Thus the outer measure of a~\C) Π (K x R n ) is zero. Since K is an arbitrary compact set of &, a~ι(Q is measurable and of measure zero. This completes the proof of (i). It has already been noted that p, and hence p 9 are in L 2 (R n ). To complete the proof of part (ii), it is enough to show that N(p), the nonzero set of/?, and S differ by a set of measure zero. Let D be the set of points x such that, for any neighbourhood of x, JV {X\ The sets D and N(p) differ by a set of measure zero so that it is enough to show the same for D and S.
R. P. GOSSELIN
Our first step is to show that D is invariant with respect to $ : i.e.
(3)
gD CDforallgof^.
Since $ is a group, this is equivalent to saying that gD = D for all gof^. It is clear that S is invariant in this same sense. Since the complement of an invariant set is also invariant, and since the intersection of two invariant sets is invariant, it will follow from (3) 
